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Abstract
In this book we present a simplified method for non-Newtonian power-law fluid flows expansions. The new strategy embraces the
indicator corrector conspires and recreates answers for the naturally visible conditions recovered from the cross-section Boltzmann
condition through Chapman-Enskog extension investigation. The shortened force law model is fused into this strategy to locally modify
the physical consistency and the related unwinding parameter, which recuperates the non - Newtonian practices. Contrasted and existing
non-Newtonian cross-section Boltzmann models, the proposed technique legitimately advances the naturally visible factors rather than
the circulation capacities, which disposes of the inborn disadvantages like significant expense in virtual memory and awkward execution
of physical limit conditions. The legitimacy of the strategy is shown by benchmark tests and correlations with an investigative
arrangement or numerical outcomes in the writing. Benchmark answers for the three-dimensional cover driven hole stream of nonNewtonian force law liquid are additionally accommodated future reference".
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INTRODUCTION
Non-Newtonian fluid refers to a specific category of fluid
which exhibits variable viscosity under the action of force. It
certainly differs from the Newtonian fluid which follows
Newton’s law of viscosity and bears constant viscosity under
stress. The physical viscosity in non-Newtonian fluids could
be dependent on the magnitude of the shear stress (e.g.,
shear-thickening/dilatant
fluids,
shearthinning/pseudoplastic fluids, Bingham plastics, etc.) or even
time-dependent (e.g., thixotropic liquids, rheopectic liquids,
etc.). In fact, many practical fluids may present these nonNewtonian behaviors. Typical examples include blood,
silicone oils, printer ink, polymers, etc.
Numerical interpretation of the non-Newtonian behaviors
thus becomes an important topic from both the academic and
the application points of view. Explorations in this topic have
been continuing for over a century; and many mathematical
models have been constructed, which include the generalized
Newtonian models, the linear or elementary nonlinear
viscoelastic models, the models with memory-integral
expansion, etc. Specifically, the generalized Newtonian fluid
models maintain the general form of governing equations for
Newtonian fluid while making the viscosity dependent on the
shear rate [1]. The linear viscoelastic models, which were
initially proposed
equations that govern the fluid system. One popular
mathematical interpretation is the lattice Boltzmann equation
(LBE) or the lattice Boltzmann method (LBM) which is a
mesoscopic method developed on the kinetic theory. In LBM, the
distribution function is the primitive variable that is directly
evolved; and the conservative variables and fluxes at the
macroscopic scale can be obtained by moments of the
distribution functions in the velocity space. The LBM seems to be
more attractive than conventional Navier-Stokes (N-S) solvers in
some aspects like the kinetic nature, simplicity and explicitness.
Being constructed at the mesoscopic scale, LBM is a more general
model than the N-S equations in describing fluid behaviors. Its
evolution of distribution functions is essentially accomplished in
the velocity space rather than in the physical space; and the
whole process is in a linear and explicit manner. The
discretization of the nonlinear convection terms in the N-S
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by Maxwell [2], essentially establish a linear differential
relationship between the stress tensor and the shear rate.
Later, the elementary nonlinear viscoelastic model tracks the
evolution of a particular fluid particle and thus consolidates
the nonlinear convection effect into the constitutive relation,
which makesthe model more “objective” [3, 4]. More recently,
some models were proposed by the memory-integral
expansion strategy [5, 6], which assumes that the stress in a
fluid element is only dependent on its own kinetic history and
can thus be achieved by integrations over time. Among these
approaches of constructing non-Newtonian models, the
generalized Newtonian fluid models seem to be the simplest
and the most straightforward way due to the similarity to the
Newtonian expressions. And the most commonly used one in
this category might be the power-law model [7]. In this
model, the local viscosity is assumed to follow an exponential
relationship with the shear rate. By adjusting the power
index, typical non-Newtonian behaviors like the shearthinning or the shear-thickening can be interpreted. In this
work, the power-law model will be adopted to study nonNewtonian fluid flow”.
Non-Newtonian Fluid Models
ThenonNewtonianmodelsareessentialconstitutiverelationsandshouldbec
onsolidatedintospecific
equations are thus avoided, and the scheme can be conveniently
parallelized.
Efforts have been made in incorporating the non-Newtonian
models into the LBM to recover and investigate this distinct
physical phenomenon. The earliest attempt might be 4 This
article is protected by copyright. All rights reserved. carried out
by Aharonov and Rothman [8] who used the conventional singlerelaxation-time (SRT) lattice Boltzmann model as the flow solver.
Gabbanelli et al. [9] recognized that the SRT model might be
unstable at extreme values of the relaxation parameter and thus
implemented a truncated power-law model which sets upper and
lower limits to the fluid viscosity. Giraud et al. [10] and Sullivan
et al. [11] both explored the simulations in threedimensional
scenarios. Yoshino et al. [12] proposed an alternative model
which decouples the relaxation parameter from the viscosity by
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consolidating the shear stress into the equilibrium distribution
functions. And this model was then modified by Wang et al. [13]
to ensure mass conservation. Apart from the SRT model, a few
lattice Boltzmann models with multiplerelaxation-time (MRT)
were also proposed for simulations of non-Newtonian fluid flows
[14, 15]. Other than developing non-Newtonian lattice
Boltzmann schemes, abundant examples of applying lattice
Boltzmann models in investigations of non-Newtonian
phenomena can also be found in literature [16-22].
Although being an important candidate in resolving nonNewtonian problems, the lattice Boltzmann models may not be
the mainstream solution to this category of problems.
Limitations of LBM, e.g., high cost in virtual memory,
inconvenient implementation of physical boundary conditions,
and poor numerical stability in small viscosity scenario, are
somehow intrinsic and hard to be removed [23-25]. The first two
limitations originate from the cornerstone of LBM, which is the
evolution of distribution functions. The number of distribution
functions at each mesh point is much larger than the number of
macroscopic variables. Therefore, more virtual memory would
be consumed. In the meantime, the physical boundary conditions
which are related to the macroscopic variables should be
converted to boundary conditions for the distribution functions
as to be implemented in the conventional lattice Boltzmann
framework. Such transformation is tedious and sometimes
difficult for certain boundary conditions or complex geometries.
In addition, the stability analysissuggested that the lattice
Boltzmann method with single relaxation parameter would
become unstable when the relaxation parameter approaches 0.5
[23], which is equivalent to the condition of small physical
viscosity. Some strategies have been proposed to alleviate the
stability issue, which include the multiple-relaxation-time model
[26], the entropic LBGK method [27], the regularized lattice

Boltzmann equation [28] etc. However, all these attempts are
carried out within the conventional framework and thus cannot
remove the first two limitations of LBM.
The simplified lattice Boltzmann method (SLBM) is a recent
exploration towards eliminating or alleviating limitations of the
conventional LBM [29, 30]. Instead of directly evolving the
distribution functions, SLBM reconstructs solutions to the
macroscopic equations recovered from LBE through the
Chapman-Enskog expansion analysis. The second order accuracy
is preserved in the reconstruction process and the final
formulations reflect direct evolution of the macroscopic
variables. Consequently, the dependent variables of distribution
functions in the conventional LBM are replaced by the
macroscopic flow variables in the SLBM, which reduces the
number of variables at each mesh point (see Table 1); the
physical
boundary
conditions
can
be
implemented
straightforwardly; and the flexibility of the method on nonuniform or body-fitted meshes is enriched. Moreover, the von
Neumann stability analysis indicates that SLBM is stable at all
wavenumbers in high Reynolds number scenario [29], which
makes it a competitive candidate for real engineering problems.
The idea of SLBM has been applied in various fluid problems
such as the thermal flows, fluid-structure interaction,
axisymmetric flows, multiphase flows etc. [31-34]. Yet its
extension to the non-Newtonian simulations has not been
reported. Although the idea is similar to its Newtonian
counterpart, detailed derivations and the final formulations of
the method for non-Newtonian flows would differ since the
physical viscosity would be coupledwith the flow field. In this
paper, we will present the simplified lattice Boltzmann method
for non-Newtonian power-law fluids and give comprehensive
evaluation of its performance in simulations.

Figure: 1.1.Newtonian rate
The remaining parts of this paper are organized as follows.
Section 2 briefs the lattice Boltzmann method and the power-law
model for non-Newtonian fluids. Further explanation on the
truncated power-law model and detailed derivation of its
association with the simplified lattice Boltzmann method are
presented in Section 1.3. Numerical validations of the proposed
method are carried out in Section 1.4, based on which
benchmark solutions to some problems are given. Finally,
Section 1.5 remarks the conclusions of this work”.
Lattice Boltzmann Method and The Power-Law Model
Lattice Boltzmann Method
The lattice Boltzmann method (LBM) resolves the flow field by
updating the distribution function fα, which follows the lattice
Boltzmann equation (LBE) as shown below:
𝑓

𝑒𝑞

𝑓𝛼 (𝑟 + 𝑒𝛼 𝛿𝑡 , 𝑡 + 𝛿𝑡 ) = 𝑓𝛼 (r,t) + 𝛼

(𝑟,𝑡)−𝑓𝛼 (𝑟,𝑡)
𝑟

𝑒𝑞

𝑓𝛼 = 𝑃𝑤𝛼 [1 +

𝑒𝛼 .𝑢
𝐶𝑠2

+

(𝑒𝛼 .𝑢)2 −(𝐶𝑠 |𝑈|)2
2𝐶𝑠4

(1.2)

]

Here, ρ and u respectively denote the density and the velocity
vector; ωα and cs are the weighting coefficient and the sound
speed, respectively. For typical D2Q9 model, we have
0
𝑒𝛼 = {(±1,0), (0, ±1)
(±1, ±1)

(1.3)

4

1

1

9

9

36

𝜔0 = 𝜔1−4 = 𝜔5−8 =

𝐶𝑠 =

𝐶
√3

(1.4)

(1.1)

Where r and t are the location vector and the time level,
respectively; τ is the single relaxation parameter in the BGK
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collision model; eα is the lattice velocity vector along the α-th
direction; δt represents the time interval; the superscript eq
denotes the equilibrium state of the distribution function

∝= 0
∝= 1,2,3,4
∝= 5,6,7,8
21

COMPUTATIONAL METHODS FOR NON-NEWTONIAN POWER LAW FLUIDS

And the D3Q15 model gives

While its magnitude is calculated by
|𝜸| = √(𝜸: 𝜸)/𝟐

𝟎
𝒆𝛼 = {(±𝟏, 𝟎, 𝟎), (𝟎, ±𝟏, 𝟎), (𝟎, 𝟎, ±𝟏)(1.5)
(±𝟏, ±𝟏, ±𝟏)
2

1

1

9

9

72

𝜔0 = 𝜔1−6 = 𝜔7−14 =

𝐶𝑠 =

𝐶

Correspondingly,∝=
the 0relaxation parameter should be locally
adjusted when simulating non-Newtonian fluid flows. And the
local value of the relaxation parameter is obtained by
∝=
substituting the
local1~6
viscosity into Eq. (14)”.

(1.6)

√3

(1.17)

Where c=δx/δt is the lattice velocity, and δx is the lattice spacing.
Chapman-Enskog expansion analysis
The lattice Boltzmann equation (LBE) is believed to be an
interpretation of more general fluid behaviors spanning from the
continuum regime to the slip flow regime. Specifically, in the
continuum flow regime, LBE is consistent to the macroscopic
Navier-Stokes equations with desired order of accuracy. Such
consistency can be constructed through the ChapmanEnskog (CE) expansion analysis.
The C-E analysis of the LBE starts from the multi-scale
expansions of the distribution function, temporal and spatial
derivatives in terms of a parameter ε that is proportional to the
Knudsen number, which gives”
(0)

𝑓𝛼 = 𝑓𝛼
𝜕
𝜕𝑡

=𝜀

𝜕
𝜕𝑡0

Predictor step:

(2)

+ 𝜀𝑓𝛼1 + 𝜀 2 𝑓𝛼 (1.7)
+ 𝜀2

𝜕𝑝

𝜕

(1.8)

𝜕𝑡1

𝜕𝑡

𝜕𝑡

Performing Taylor-series expansion on Eq. (1) yields
2
𝜕
𝛿𝑡 𝜕
1
(𝑓 − 𝑓𝛼𝑒𝑞 ) + 𝑜(𝛿𝑡2 ) = 0
[ + 𝑒𝛼 . ∇] 𝑓𝛼 + [ + 𝑒𝛼 . ∇] 𝑓𝛼 +
𝜕𝑡
2 𝜕𝑡
𝜏𝛿𝑡 𝛼

Substituting Eqs. (7)-(9) into the above equation and
consolidating obtained formulations at different scales, one can
derive the following macroscopic equations
𝑒𝑞
+ ∇. [∑𝛼 𝑒𝛼 𝑓𝛼 ] =

𝜕𝑝𝑢
𝜕𝑡

(1.11)
1

𝑒𝑞

𝑛𝑒𝑞

+ ∇. ∑𝛼 (𝑒𝛼 )𝛽 (𝑒𝛼 )𝛾 [𝑓𝛼 + [1 − ] 𝑓𝛼
2𝜏

]=0

𝑛𝑒𝑞

𝑒𝑞

(0)

𝑒𝑞

𝑛𝑒𝑞

(1)

𝜕

D= [ + 𝑒𝛼 . ∇]. and
𝜕𝑡

the

to the kinematic viscosity ν through
𝑉 = 𝐶𝑠2 𝛿𝑡 (𝜏 − 0.5)(1.14)
The power-law model for non-Newtonian fluids
For non-Newtonian fluids, the physical viscosity is dependent on
the local shear rate through the constitutive equation. A simply
and widely used model for non-Newtonian fluid is the power-law
model, which evaluates the local viscosity through
𝜇 = 𝜇0 |𝛾|𝑛−1

where μ=ρν is the dynamic viscosity; μ0 is the flow consistency
coefficient; and n>0 denotes the power law index. Specifically,
cases with n1 respectively represent the shearthinning
(pseudoplastic) and the shear-thickening (dilatant) fluids, while
the setting of n=1 recovers regular Newtonian fluid behaviours.
The shear rate γ is defined as
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0

𝜕𝑝𝑢

(2.2)

(2.3)
1

𝑛𝑒𝑞

+ ∇. ∑𝛼(𝑒𝛼 )𝛽 (𝑒𝛼 )𝛾 [1 − ] 𝑓𝛼
𝜏

=0

(2.4)

The essential part of the derivation is to reconstruct solutions to
these equations within the lattice Boltzmann framework.
Specifically, in the predictor step, the intermediate flow variables
are proposed to be

∑𝛼 𝑒𝛼 𝑓𝛼𝑒𝑞

(2.5)
(2.6)

(𝑟 − 𝑒𝛼 𝛿𝑡 , 𝑡 − 𝛿𝑡 )

Performing the Taylor-series expansion analysis on the above
formulations and applying the relationships given by C-E analysis
(Eq. (13)), it can be proven that, to the second order accuracy,
Eqs. (22) and (23) recover solutions to the macroscopic
equations (18) and (19) in the predictor step, respectively.
Detailed proofs for this step can be found in the Appendix. In the
corrector step, as shown in Eq. (20), no correction would be
made on the intermediate density. To facilitate the derivation of
the corrected velocity, Eq. (21) is rewritten into the following
form with the help of Eq. (13):
𝜕𝑝𝑢
𝜕𝑡

− ∇. ∑𝑎(𝑒𝛼 )𝛽 (𝑒𝛼 )𝛾 𝑓𝛼~ = 0

(2.7)

Where
𝑒𝑞

𝑓𝛼~ = (𝜏 − 1)𝛿𝑡 𝐷𝑓𝛼 (2.8)
And its solution can be reconstructed by

(1.15)

𝛾 = ∇𝑢 + (∇𝑢)𝑇

1 𝑛𝑒𝑞
𝑓 ]=
2𝜏 𝛼

𝜕𝑡

𝑝∗ 𝑢∗ =

(1.12)

= −𝜏𝜕𝑡 𝐷𝑓𝛼 (1.13)

Here, 𝑓𝛼 = 𝑓𝛼 , 𝑓𝛼 = 𝜀𝑓𝛼 , and
relaxation parameter is related

𝑒𝑞

+ ∇. ∑𝛼(𝑒𝛼 )𝛽 (𝑒𝛼 )𝛾 [𝑓𝛼 +

𝑒𝑞
𝑝∗ = ∑𝛼 𝑓𝛼 (𝑟 − 𝑒𝛼 𝛿𝑡 , 𝑡 − 𝛿𝑡 )

Where
𝑓𝛼

(2.1)

Corrector step:
𝜕𝑝
=0
𝜕𝑡

(1.10)

𝜕𝑡

𝑒𝑞
+ ∇. ∑𝛼 𝑒𝛼 𝑓𝛼 (𝑟, 𝑡) = 0

𝜕𝑝𝑢

∆𝑟 = 𝜀∇𝑟𝑙 (1.9)

𝜕𝑝

∝= 7~14
FORMULATIONS
Simplified Lattice Boltzmann Method for non-Newtonian
Power-law Fluids
Formulations
Following the idea of simplified lattice Boltzmann method
(SLBM) for incompressible Newtonian fluid flows [29, 31], the
derivation of the present model for non-Newtonian fluid flows
starts from the macroscopic governing equations (11) and (12)
recovered from LBE. Implementing the fractional step technique,
the recovered equations can be resolved in the following
predictor-corrector strategy:

(1.16)

𝑝𝑛=1 𝑢𝑛=1 = 𝑝∗ 𝑢∗ = ∑𝛼 𝑒𝛼 [𝑓𝛼~ (𝑟 + 0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 ) − 𝑓𝛼~ (𝑟 −
0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 )] (2.9)
The consistency between Eq. (26) and Eq. (24) can be established
through Taylor series expansion. It can be demonstrated that, to
the second order accuracy in space and time, Eq. (26) is
equivalent to Eq. (24). For reference, detailed derivations for this
step are attached in the Appendix.
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The remaining issue here is the approximation of the newly
defined quantity𝑓𝛼~ at specific space and time levels. Since the
recovery of Eq. (24) from Eq. (26) involves the space derivative
of the second moment of 𝑓𝛼~ , the approximated 𝑓𝛼~ would be
divided by the mesh spacing δx which is equal to δt. Thus, the
approximation of 𝑓𝛼~ should fulfill the third order accuracy of O(δt
3) in order not to deteriorate the overall second order accuracy.
To fulfill that requirement, the approximated 𝑓𝛼~ locates at the
space/time level of (r±0.5eαδt, t- 0.5δt). In the meantime, given
the fact that the marching in time levels is from (t-δt) to (t), the
shifting of half time step of 𝑓𝛼~ in Eq. (26) facilitates establishing a
central difference approximation which ensures the second
order of temporal accuracy, and the following formulations can
be derived
𝑒𝑞
𝑓𝛼~ (𝑟 + 0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 ) = [𝜏(𝑟 ± 0.5𝛿𝑡 − 0.5𝛿𝑡 ) − 1]𝛿𝑡 𝐷𝑓𝛼 (𝑟 ±
0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 )(2.10)

=

𝜏(𝑟 + 0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 )

𝜏(𝑟,𝑡)+𝜏(𝑟±𝑒𝛼 𝛿𝑡 ,𝑡)+𝜏(𝑟,𝑡−𝛿𝑡 )+𝜏(𝑟±𝑒𝛼 𝛿𝑡 ,𝑡−𝛿𝑡 )
4

(2.11)

𝑒𝑞
𝑒𝑞
𝑒𝑞
𝛿𝑡 𝐷𝑓𝛼 (𝑟 + 0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 ) = 𝑓𝛼 (r+ 𝑒𝛼 𝛿𝑡 ,t) - 𝑓𝛼 (𝑟, 𝑡 − 𝛿𝑡 ) +
3
o(𝛿𝑡 )
(2.12)
𝑒𝑞
𝑒𝑞
𝑒𝑞
𝛿𝑡 𝐷𝑓𝛼 (𝑟 − 0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 )= 𝑓𝛼 (r, t) -𝑓𝛼 (𝑟 − 𝑒𝛼 𝛿𝑡 , 𝑡 − 𝛿𝑡 ) + o
(𝛿𝑡3 ) (2.13)

Note that the intermediate properties obtained in the predictor
step are utilized here as the physical properties at the time level
of t.
Compared with conventional lattice Boltzmann models, the
derived simplified lattice Boltzmann model (SLBM) could expect
some intriguing merits while maintaining advantages of the
conventional LBM such as the kinetic nature, simplicity and

explicitness. The final formulations of SLBM reflect evolution of
macroscopic variables instead of the distribution functions. The
equilibrium distribution function can be evaluated by the
macroscopic properties, while the non-equilibrium distribution
function is approximated by the difference of two equilibrium
distribution functions that are also associated with the
macroscopic variables. Thus, the minimum number of variables
at each point for SLBM is the number of macroscopic flow
properties (3 in two-dimensional cases). Even if storing the
intermediate flow properties, the total number of variables at
each mesh point is 6. In contrast, the dependent variables in the
conventional LBM are the distribution functions. Therefore, the
minimum number of variables at each mesh point is the number
of lattice velocity directions (9 variables for D2Q9 model).
Therefore, compared with the conventional LBM, 33.3% of
virtual memory can be reduced by using the present SLBM with
the D2Q9 model. In Table 1, the theoretical reduction rates of
virtual memory for different lattice velocity models are provided.
It should be noted that the expected reduction rates provided
here are only for reference. The practical memory cost would be
dependent on the programming skills and the compromise with
computational efficiency.
In the meantime, by using the macroscopic flow variables as the
dependent variables, the physical boundary conditions that are
directly associated with the macroscopic flow variables can be
implemented in a more straightforward way in the present
SLBM. The tedious transformation into conditions for the
distribution functions in the conventional LBM is thus removed.
Moreover, the stability analysis of SLBM for Newtonian fluids
reveals that it is more stable than conventional LB models [29],
which is a favored characteristic for non-Newtonian simulations
in which fluid viscosity exhibits large variations.

Table 2.1 Comparison of numbers of variables at each mesh point

Truncated Power-Law Model
Direct implementation of the power-law model could lead to
serious issues due to its unphysical limits at zero shear rates.
Referring to Eqs. (15)-(17), at zero shear rates, the power-law
model would give infinite viscosity for shear-thinning fluids
while yielding zero viscosity for shear-thickening fluids. In the
meantime, these two unphysical limits also pose numerical
challenges for LBM. Within the lattice Boltzmann framework,
fluid viscosity is reflected by the relaxation parameter τ. The
large viscosity and the inviscid condition correspond to large
value of τ and τ=0.5, respectively. Previous studies indicated that
the conventional LBM would become highly unstable when τ
approaching 0.5 [23], and show deteriorated numerical accuracy
for τ≥1 [35]. To alleviate this issue, Gabbanelli et al. [9] proposed
the truncated power-law model. By setting upper and lower
limits for the fluid viscosity (νmax=0.1 and νmin=0.001 in their
paper), the corresponding relaxation parameters vary within
desired ranges (τmax=0.8 and τmin=0.503).
In the present study, we follow the similar way of adopting
truncated power-law model, but directly implement limits for the
relaxation parameter. As shown in the previous stability analysis
for Newtonian fluid [29], SLBM bears very good numerical
stability in the extreme case of τ=0.5. Therefore, the lower limit
is set as τmin=0.5. And the upper limit of the relaxation
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parameter is τmax=1.2 in all numerical examples, if not
particularly specified. The larger adjustable range of the
relaxation parameter could endow more flexibility when
recovering non-Newtonian behaviors. Note that the local shear
rate in Eq. (16) is calculated by the finite difference method.
Implementation Of Boundary Conditions
As mentioned before, the evolution of macroscopic variables in
SLBM allows direct implementation of physical boundary
conditions without tedious transformation intoboundary
conditions for the distribution functions. For Dirichlet boundary
conditions, boundary values of the physical properties can be
directly assigned on the boundary mesh points. And normally,
information on two inner layers of mesh points is utilized to
evaluate boundary values when implementing Neumann
boundary conditions, which ensures the second order accuracy
in space.
It is noteworthy that the corrector step of SLBM requires the
boundary values of the newly defined quantity𝑓𝛼~ . Recognizing
that 𝑓𝛼~ is continuous over the physical space, the linear
extrapolation scheme is adopted here to determine its boundary
value. This strategy has been adopted in the simulation of
Newtonian fluid flows [30]. Given the fact that this quantity is a
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minor term in the order of O(δt), the linear extrapolation scheme
would not deteriorate the global second order accuracy.
Computational Sequence
For illustration purposes, one possible procedure of
implementing the proposed simplified lattice Boltzmann method
for non-Newtonian power law fluid is presented as follows:
(1) Mesh initialization. Specify the streaming distance𝛿𝑥 (𝛿𝑥 =
𝛿𝑥 ).
(2) Predictor step: use Eqs. (22) and (23) to evaluate
intermediate flow properties ρ* and u*.
(3) Calculate the non-equilibrium term 𝑓𝛼~ using Eqs. (27)-(30).
(4) Implement linear extrapolation scheme to determine
boundary values of 𝑓𝛼~ .
(5) Corrector step: update the fluid velocity in the new time
step with Eq. (26).
(6) Implement appropriate physical boundary conditions for
the macroscopic properties.
(7) Repeat steps (2)-(6) until the computation is converged or
the prescribed maximum iteration step is reached.
Numerical Examples
In this part, numerical tests on the plain Poiseuille flow, the twodimensional lid-driven cavity flow, and the three-dimensional
lid-driven cavity flow are carried out. The accuracy, convergence
and robustness of the proposed method is demonstrated by
comparing the computational results with analytical solution or
reference data in literature. And some benchmark solutions for
the three-dimensional lid-driven cavity flow of power-law fluids
are provided by the validated method.
”.

Plain Poiseuille flow
The proposed method is first tested on the plain Poiseuille flow
of non-Newtonian power-law fluids. The physical configuration
of this example is the flow between two parallel plates
respectively placed at y=±H/2. The flow is driven by a constant
pressure gradient ∂p/∂x along the streamwise direction and
would exhibit a unidirectional velocity profile along the
transverse direction at the steady state, which gives”
u (y) =

𝑛
𝑛+1

[−

1 𝜕𝑝 1⁄𝑛
𝜇0 𝜕𝑥

]

𝐻 1+1⁄𝑛

[[ ]
2

− |𝑦|1+1⁄𝑛 ](2.14)

And the maximum velocity is
𝑢𝑚𝑎𝑥 =

𝑛
𝑛+1

[−

1 𝜕𝑝 1⁄𝑛 𝐻 1+1⁄𝑛
𝜇0 𝜕𝑥

]

(2.15)

[ ]
2

Numerical simulations are carried out on the uniform mesh size
of 41×41, and various power law indexes of n=0.25, 0.5, 1.0, 1.5
and 2.0 are considered. Specifically, no-slip boundary condition
is implemented on the upper and lower walls, while periodic
boundary condition is adopted on the inlet and outlet
boundaries. Computational results are presented in Figure 1 and
compared with the analytical solutions. The good agreements
between the analytical and the numerical solutions at different
power law indexes provide initial validation of the accuracy of
the proposed SLBM for non-Newtonian power-law fluids.
However, this example essentially reflects a one-dimensional
fluid behaviour; validations on more complex problems are
necessary

Figure 2.1 Velocity profile of plain Poiseuille flow for non-Newtonian power-law fluid. The solid lines represent the represent
results, while the scattered points denote analytical solutions.
Two-Dimensional Lid-Driven Cavity Flow
The two-dimensional lid-driven cavity flow has been a widely
used benchmark test for numerical schemes. In this subsection,
“we use this problem to further validate the accuracy and
robustness of SLBM. The lid-driven cavity flow refers to the fluid
system in a square cavity with its top lid moving at a constant
velocity U0. As a typical internal viscous flow, solutions to this
problem are characterized by the Reynolds number. Specifically,
for non-Newtonian power-law fluid, the Reynolds number is
defined as
Re =

𝑝𝑈02−𝑛 𝐿𝑛
𝜇0

(2.16)

Where L is the length of the square cavity
To reveal the non-Newtonian behaviors, we consider two
different power indexes of 0.5 and 1.5, which respectively
corresponds to the shear-thinning and shear-thickening fluids.
For this example, the effect of the moving lid is transmitted
through the shear forces within the boundary layers. The shearthinning fluid would further reduce the physical viscosity within
the boundary layer, which yields thinner boundary layer and
higher velocity gradient near the top lid. Such flow characteristic
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would pose extra difficulty to numerical simulations. Therefore,
the mesh resolutions adopted in our simulations aim to capture
the sharp velocity gradient changes in the shear-thinning cases.
Simulations are first conducted on uniform mesh sizes of
201×201 for cases at low Reynolds numbers of 100 and 500. The
velocity profiles along the centerlines are plotted in Figure 2 and
compared with reference values in literature [14, 36]. Note that
the velocity and the physical location are normalized by the U0
and L, respectively. The computational results obtained by SLBM
agree well with the reference data, which validates its accuracy
for this example. Specifically, as shown in the U-Y curves, the
velocity gradient near the top lid in the case of n=0.5 is
significantly larger than the gradient in the case of n=1.5. This
can be explained by the shear-thinning behavior mentioned
above.
At higher Reynolds numbers, velocity gradients near the
boundaries would be further enlarged. Therefore, the nonuniform meshes are preferred in such circumstances. The
implementation of SLBM on non-uniform meshes relies on
appropriate interpolation algorithm to determine the physical
properties at streaming nodes. In the present study, we adopt the
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three-point
Lagrange
interpolation
algorithm
whose
effectiveness has been validated in previous tests of Newtonian
flows [37]. Validation is performed in the case ofRe=5000 on
non-uniform mesh size of 201×201, and the velocity profiles
along centrelines are presented in Figure 3. The good agreement
between our numerical results and the reference data [15, 38]
demonstrates the correctness of our implementation on nonuniform meshes and the validity of SLBM at higher Reynolds
numbers. Also enclosed in Figure 3 are the convergence test and
benchmark solution at Re=7500. Here we adopted four sets of
mesh sizes, i.e. 41×41, 201×201, 301×301 and 401×401, in
numerical simulations. The computational results in the last
three sets of meshes are quite close, which proves the
convergence of SLBM at this Reynolds number. Given its
validated accuracy and robustness in previous cases, numerical
results in the finest mesh size can be referred as the benchmark
solution to the problem at Re=7500. Another interesting point is
that smooth velocity profiles are obtained on the coarse mesh
size of 41×41. For conventional LBM, it is quite challenging to
give stable solution on such mesh size at high Reynolds numbers.
And the smallest relaxation parameter in this particular case
reads τmin=0.500001, which is very much likely to induce

numerical instability for conventional LBM [23]. Such
performance suggests that the present simplified lattice
Boltzmann method bears better numerical stability than
conventional LB models.
Streamlines at different Reynolds numbers and power law
indexes are shown in Figure 4. The smoothness of the
streamlines indicates the numerical stability of SLBM in
simulating non-Newtonian power-law fluid flows. It is also noted
that the shear-thickening fluid (n=1.5) is more likely to trigger
secondary minor vortices than the shear-thinning fluid (n=0.5) at
the right-bottom corner. This is caused by the stagnation point at
the right-bottom corner which induces small shear rates nearby.
For shear-thickening fluid, the small shear rates would reduce
the physical viscosity and thus stimulates the generation of
minor vortices. The shear-thinning fluid, on the contrary, exhibits
large physical viscosity at small shear rates, which hinders the
emerging of minor vortices. Quantitative comparisons of the
location of theprimary vortex for shear-thinning cases are
carried out in Table 2. Good agreement between the present
results and the reference data [15] further validates the accuracy
of the proposed method in this test example”.

Re=500

Figure 2.2 Velocity profiles along centerlines in 2D lid-driven cavity flow for non-Newtonian power-law fluid at Re=100 and
500. Left: X-V curve; right: U-Y curve.
Re=5000

Re=7500
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Figure 2.3 Velocity profiles along centerlines in 2D lid-driven cavity flow for non-Newtonian power-law fluid at Re=5000 and
7500. Left: X-V curve; right: U-Y curve.

Figure 2.4 streamlines of the 2D lid-driven cavity flow for non-Newtonian power-law fluid.
Table 2.2 Comparisons of the location of the primary vortex in lid-driven cavity flow of non-Newtonian power-law fluids with
n=0.5.

Three-dimensional lid-driven cavity flow
Although numerical examples of two-dimensional nonNewtonian power-law fluids are abundant in literature, relative
studies in three-dimensional scenario remain scarce. In this
subsection, we present the computational results of SLBM for
three-dimensional lid-driven cavity flow. Similar to the twodimensional lid-driven cavity flow, solutions to this threedimensional problem are also determined by the Reynolds
number defined in Eq. (33). Since the accuracy and robustness of
SLBM have been validated in previous examples, here we aim to
provide converged solutions at various Reynolds numbers. These
converged solutions could be utilized as benchmark results in
future studies.
Three different Reynolds numbers of 400, 1000 and 1500 are
considered here. Two power law indexes of n=0.5 and 1.5, which
respectively correspond to the shear-thinning and shearthickening flows, are studied. The computational domain is
illustrated in Figure 5, and convergence tests are carried out in a
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series of non-uniform mesh sizes of 613, 813, 1013, and 1213.
Figure 6 and Figure 7 present velocity profiles along the
centerlines in cases with n=0.5 and 1.5, respectively. For cases of
Re=400 and 1000, little variation of velocity profile is observed
when the mesh size is finer than 813. And for the case of
Re=1500, convergence is achieved at the finer mesh size of 1013.
Specifically, the converged results reveal larger velocity
gradients near the top lid in shear-thinning scenario, which is
consistent to the flow characteristics reflected in the twodimensional simulations as shown in Section 4.2.
To further illustrate the physical flow pattern, streamlines on the
mid-plane of y=0.5 are shown in Figure 8. It is noted that the
streamlines are more squeezed to the top lid in shear-thinning
fluid (n=0.5) due to the high velocity gradient, which is
consistent to the velocity profile presented in Figure 6. The
emerging of minor vortices at the bottom corners is more
stimulated in the shear-thickening scenario (n=1.5), which can be
explained by reduced physical viscosity at lower shear rate in
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such condition. In general, the numerical results fulfil the
expectation and can be well explained from the physical

perspective”.

Figure 2.5 Illustration of the computational domain of three-dimensional lid-driven cavity flow of non-Newtonian power law
fluid.

Re=1000

Re=1500

Figure 2.6 Velocity distributions along the centerlines in 3D lid-driven cavity flow for non-Newtonian power-law fluid with
n=0.5. Left: X-Uz curve; right: Ux-Z curve.
Re=400
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Re=1000

Re=1500

Figure 2.7Velocity distributions along the centerlines in 3D lid-driven cavity flow for non-Newtonian power-law fluid with
n=1.5. Left: X-Uz curve; right: Ux-Z curve.
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Figure 2.8Streamlines on the plane of y=0.5 in 3D lid-driven cavity flow for non-Newtonian power-law fluid.
NON-NEWTONIAN FLUID MATHEMATICA
In this work study four non-Newtonian fluid mechanics problems
using Mathematical. Constitutive equations describing the
behaviour of power-law, Bingham and Carreau models are
recalled. “The velocity profile is obtained for the horizontal flow
of power-law fluids in pipes and annuli. For the vertical laminar
film flow of a Bingham fluid we determine the velocity profile.
Both problems involve the use of the shooting techniques
because they have split boundary conditions. Since
Mathematica® permits symbolic computations, we determine
analytical expressions of volumetric flow rates for pipe flow of
the Bingham and power-law fluids. We use the built-in
optimization command of Mathematica, FindMinimum, in order
to find the non-Newtonian fluid model from representative data
of flow rates measured under different applied pressure
gradients in a horizontal pipe. These pedagogic problems are
used to introduce the field of non-Newtonian fluid mechanics to
students at the National Institute of Applied Sciences in Tunis.
The Mathematica notebooks are available from the
corresponding author upon request or at Wolfram Research1.
INTRODUCTION
A non-Newtonian fluid has a viscosity that changes with the
applied shear force. These fluids are characterized by measuring
or computing several rheological properties such as the viscosity
and the first and second normal stresses. Rheometers are used,
under oscillatory shear flow or extensional flow, to obtain
experimental values of these rheological properties while kinetic
theory calculations using dumbbells allow the prediction of these
rheological properties. For a Newtonian fluid (such as water), the
viscosity is independent of how fast you are stirring it, but for a
non-Newtonian fluid it is dependent. It gets easier or harder to
stir faster for different types of non-Newtonian fluids. By adding
corn starch to water, one obtains a non-Newtonian fluid.
Applying agitation with a spoon makes the fluid behave like a
solid. Thus, the shear-thickening property of this non-Newtonian
fluid becomes apparent. When agitation is stopped and the fluid
is allowed to rest for a certain period of time, it recovers its
liquid-like behaviour.
Many peculiar phenomena are observed with non-Newtonian
fluids and constitute “fun” experiments that students can
perform in the laboratory. They include dye swelling and rod
climbing as well as the behavior of suspensions of particles
moving in non-Newtonian versus Newtonian fluids. Students can
determine the terminal fall velocity and rotation direction of a
single settling particle as well as wall effects and interaction
between particles. Problems involving non-Newtonian fluid flow
are ubiquitous in modern industry, such as in polymer
processing plants. The study of body fluids such as blood, which
are non-Newtonian, has important applications in biomedical
engineering. In the present paper, we show how one can use the
mathematical software, Mathematica®, to solve some simple
non-Newtonian
fluid
problems.
The
most
relevant
Mathematica® commands are inserted in the text and can be
found in the any introductory book such as Mathematica® , A
System for doing Mathematics by Computer by Stephen
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Wolfram2 . We start by reminding the reader of the few simple
constitutive equations for the power-law, Carreau and Bingham
fluids. Then, we give the velocity profile for the horizontal flow of
power-law and Carreau fluids in a pipe and an annulus. The
velocity profile for the fall of a Bingham liquid film is obtained in
the next section. We also derive volumetric flow rate expressions
for pipe flow of Bingham and power-law fluids. In the last part of
the paper, we make a model determination using the previously
found volumetric flow rate expressions and representative data.
Constitutive equations for non-Newtonian fluids
For Newtonian fluids, the shear stress,τ , is proportional to the
strain rate, . γ
(3.1)

𝜏 =ηẏ

where the viscosity, η , the proportionality factor, is constant. The
situation is different for non-Newtonian fluids and the viscosity
is a function of the strain rate:
(3.2)

𝜏 = 𝜂[ẏ]ẏ

Different constitutive equations, giving rise to various models of
non-Newtonian fluids, have been proposed in order to express
the viscosity as a function of the strain rate. In power-law fluids,
the following relation is satisfied:
η = κẏ𝑛−1

(3.3)

Dilatant fluids correspond to the case where the exponent in
equation (3) is positive ( n > 1) while pseudo-plastic fluids are
obtained when n < 1. We see that viscosity decreases with strain
rate for n < 1, which is the case for pseudo-plastic fluids, also
called shear-thinning fluids. On the other hand, dilatant fluids are
shear-thickening. If n = 1, one recovers the Newtonian fluid
behavior.
The Carreau model describes fluids for which the viscosity
presents a plateau at low and high shear rates separated by a
shear-thinning region:
η−η∞
η0 −η∞

=

1

(3.4)

(1−n)⁄
2

[1+(λẏ)2 ]

where η0 is the zero-shear viscosity and η ∞ is the infinite-shear
viscosity. Finally, the Bingham model is defined as follows:
1

At low shear rates:
(3.5)

2

( τ ∶ τ ) ≤ τ20 ,

ẏ 0
τ

1

At high shear rates: (τ ∶ τ) > τ20 ,

τ = [η + 0 ]ẏ

2

ẏ

(3.6)
Horizontal Flow of Carreau and Power-Law Fluids in a Pipe
Find the velocity profiles for the laminar flow of power-law and
Carreau fluids in a pipe, shown in Fig. 1. Use the following values
for the pressure difference ∆p, the exponent n, the Newtonian
fluid viscosity η , the consistency index κ, the infinite-shear
viscosity η ∞ , the zero-shear viscosity η0 , the relaxation
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parameter λ , the pipe length L and radius R, whose units appear
under “Nomenclature” at the end of this article:”

values, where 1 2 R and R are the inner and outer radii, and all
other symbols have already been defined:

Problem statement.
∆P = 100; L = 50 and R = 0.02

∆P = 100; L = 50; R t = 0.02 and R 2 = 0.05
Newtonian fluid: 4 8.9 x10−4 .

Newtonian fluid: η = 8.9 x10−4 .

Dilatant fluid: n = 1.2 and k = 4.7× 10−4 .

Dilatant fluid : n = 3.39 and k = 10 .
−6

Pseudo-plastic fluid: n = 0.5 and k = 4.5 × 10−3 .

Pseudo-plastic fluid: n = 0.4 and k = 5× 10 .
−3

Carreau fluid: n = 0.5 , λ = 0.2 , η0 = 1.72 × 10

−3

Carreau fluid: n = 0.5 , λ = 0.2 , η0 = 2.04× 10−3 and η∞ = 0.
and η∞ = 0.

Solution.“
This problem is treated using Polymath©, a numerical
computational package3 , in the Problem Solving in Chemical
Engineering with Numerical Methods by Cutlip and Shacham4 .
The governing equation is the z-component of the equation of
motion in cylindrical coordinates:
1 d
r dr

[rκ [−

dvz n
dr

] ]=

∇P

Equation (7) is subject to the following split boundary
conditions:
At

r = 0:

τrz = 0

(3.8)

At r = R:vz = 0

(3.9)

These kinds of mathematical problems often require the
utilization of a particular numerical approach called the shooting
technique. This method consists of guessing different values of z
v at r = 0 , solving the differential equation and checking that the
no-slip boundary condition at r = R is satisfied. An analytical
solution is possible for power-law fluids and details about its
derivation can be found in Fluid Mechanics for Chemical
Engineers by Wilkes5 :
vz (r) = [

∇P 1

]

L 2k

1+1⁄
1+1⁄
1⁄
n −r
n)
n (R
1
+1
n

1 d
r dr

[rk [−

dvz n
dr

] ]=

∆P

(3.11)

L

Equation (11) is subject to the following split boundary
conditions:

(3.7)

L

Solution
Cutlip and Shacham4 have solved this example using Polymath©.
The governing equation is again the z-component of the equation
of motion in cylindrical coordinates:

(3.10)

At

r =R1 :

vz = 0

At r = R 2 :

vz = 0

(3.12)
(3.13)

To solve this problem, we make use of the shooting technique in
a similar fashion as the previous example. This method consists
of guessing different values of 𝜏 𝑟𝑧 at r = 𝑅1 solving the differential
equation and checking that the no-slip boundary condition at r
=𝑅2 is satisfied. An analytical solution4 is available for the
Newtonian fluid case:
vz (r) = [

∆P
4ηL

] [R22 − r 2 +

R22 −R21
In(R2 /R1 )

(3.14)

In (r⁄R 2 )]

No analytical solution is available for dilatant, pseudo-plastic and
Carreau fluids and one must resort to a numerical method.
For the power-law fluids, the following Mathematica® command
is used to find the velocity as a function of r :

For the Carreau fluid, one must use a numerical approach since
no analytical solution is available.
For the power-law fluids, the following
commands are used to find the velocity:

Mathematica®

System [Ω_] = {D [rτxz [r] , {r , 1} ] = ∆p/ L r ,
D [vz [r] , {r , 1} ] = If [τrz [r] ≥ 0 , −〈τrz [r]/ x〉⌃ 〈1⁄n〉 ,
The graphical capability of Mathematica allows the student to
plot the velocity profile without having to use different software.
Figure 2 shows the velocity profile for the Newtonian, dilatant,
Carreau and pseudo-plastic cases using the commands:
These profiles are obtained under the equal volumetric flow
conditions. The velocity near the wall is higher for the Carreau
and pseudo-plastic fluids than for the Newtonian and dilatant
fluids. This results in higher heat transfer rates due a higher
convection. The author's opinion is that the approach to solve
split boundary problems using Mathematica® is more systematic
than the one proposed by Cutlip and Shacham4 using Polymath©
despite a steeper initial learning curve for the students. In fact, it
automatically finds the velocity at the center of the pipe by
verifying the no-slip boundary condition and using the
Mathematica® command FindRoot.
Horizontal Flow of a Carreau and a Power-Law Fluid in an
annulus
Problem statement
Find the velocity profiles for the laminar flow of a power-law and
Carreau fluids in an annulus, shown in Fig. 3. Use the following
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One can plot the velocity profile, shown in Figure 4, for the
Newtonian, dilatant, Carreau and pseudo-plastic cases using the
Mathematical commands:

These profiles are obtained under equal volumetric flow
conditions. The velocity profiles found, for all four fluids, are not
symmetric. In fact, they reach a maximum value close to the
radial position given by r = 0.033, slightly less than half-way from
𝑅1 and 𝑅2 .
VerticalLaminar Flow Of A Bingham Liquid Film
Problem statement
Find the velocity profile for the vertical laminar flow of a
Bingham fluid down the wall depicted in Figure 5. Values of the
gravitational acceleration, g , the density, ρ , the yield stress,τ0 ,
the zero-shear viscosity,η0 , the film thickness, δ , are given by:
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Solution.
Cutlip and Shacham4 have presented a solution of this example
using Polymath©. The governing equation is the z-component of
the equation of motion in rectangular coordinates:

We get the following result:

(3.19)
(3.15)
Equation (15) is subject to the following split boundary
conditions:
At x = 0 :

𝛕𝐱𝐳 = 0

At x = 𝜹 ∶ 𝐯𝐳 = 0

Then, we determine the velocity distribution using the symbolic
command, Solve,

(3.16)
(3.17)

We make the same treatment as the first two problems by
applying the shooting technique:
Finally, the symbolic command, Integrate, is used,

And we get the following expression for the volumetric flow rate,
Ǫ=
For the Newtonian case, an analytical expression for the velocity,
vz , as a function of position, x , can be easily derived:

2−1⁄n πR3 n [

R∆P 1⁄n
]
kL

(3.20)

1+3n

Bingham fluid case
Just like the treatment above, we start by finding the expression
of the shear stress,𝜏𝑟𝑧 as a function of the radial position, r :
So11 = DSolve [D[r t rz [r] , {r, 1}] = -∆P/ L r , t rz [r] , r ]
t rz [r] = so11 [[1, 1, 2]] / .C[1] → 0
We get the following result”:

(3.18)
In Figure 6, we show the velocity profile for the Newtonian and
the Bingham fluids. This plot is obtained by using the
Mathematical commands”:

rrz = −

∆Pr

(3.21)

2L

In the first part of the derivation, we determine the velocity
distribution between r = (2τ0 L)/∆p and r = R using boundary
condition vz (R) = 0 and the symbolic command, Dsolve:
So12 = DSolve [D[vz [r] , {r, 1}] = 〈t rz [r] + τ0 〉 / η , vz [r] , r ]
vz [r] = so12 [[1, 1, 2]] / .C[1]→

A comparison of the velocity profile obtained using the analytical
solution for the Newtonian fluid and the velocity profile
corresponding to the Bingham fluid shows that the latter is flat
near the surface of the liquid film. In fact, we have a non-zero
velocity gradient only when . 𝜏𝑥𝑧 > 𝜏0 This behavior is typical of
Bingham fluids.
Expressions of Volumetric Flow Rates
Problem statement
Derive expressions of volumetric flow rates for pipe flow of
Bingham and power-law fluids using symbolic computations
with Mathematica®.
Solution.
Power-Law Fluid Case
First, we find the expression of the shear stress,τrz , as a function
of the radial position, r :
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∆PR2 Rt0
4ηL
η

“The symbolic command, Integrate, is used to obtain the
expression of the volumetric flow rate between r = (2τ0 L)/∆p
and r = R ,
Ǫ1 = Integrate [2Pi rvz [r], {r, −

2τ0 L
∆P

, R}]

In the second part of the derivation, we determine the constant
velocity, v0 , between r = 0 and r = (2τ0 L)/∆p using the following
symbolic command:
v0 = 1/μPG〈r ⌃ 2 − R⌃ 2〉 / 4+ τ0 /μ(r, R) / . r→ 2 τ0 L/ ∆P
This is nothing more than expressing the continuity of the
velocity at r = (2τ0 L)/∆p . In fact, we have written that v0
=vz (2τ0 L)/∆p in the above Mathematica® statement.
The symbolic command, Integrate, is used to obtain the
expression of the volumetric flow rate between r = 0 and r =
(2τ0 L)/∆p ,
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rep

and we get the following expression for the overall volumetric
flow rate,
Ǫ=

πR4 ∆P
8ηL

-

πR3 τ0
3η

+

2πτ40 L3
3η∆P3

(3.22)

Non-Newtonian fluid model determination
Problem statement.
Wilkes5 provides representative values of the volumetric flow
rate versus the applied pressure gradient for horizontal flow in a
pipe. These values are reproduced in Table 1. The pipe radius is
equal to m R = 0.01 . Use these representative values, in
conjunction with the analytical expression of the volumetric flow
rates determined in the previous section, to compute the
parameters of the constitutive equation.

Where Ǫi and Ǫth
i are the representative value and analytical
expression of the volumetric flow rate? Then, we use the built-in
command of Mathematical, FindMinimum, to determine the
values of n andκ for the power-law model and τ andη 0 for the
Bingham model that minimize the objective function J . The
approach use here is the least squares method. For the powerlaw model, we find n = 0.437 and k = 6.708 while for the Bingham
model the result isτ0 = 77.55 and Ƞ = 0.0326. The value of the
sum given by equation (22) is 9.89×10−6 for the Bingham model
and 2.67 ×10−7 for the power-law model. Thus, we conclude that
the power-law model fits the representative data better”.

Solution
First, we compute the following sum:
rep

J = ∑10
i=1(Ǫi

− Ǫth
i )

2

(3.23)

RESULTS

Figure: 3.1

Figure: 3.2

Figure: 3.3
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Figure: 3.4

Figure: 3.5

Figure: 3.6
Table: 3.1

CONCLUSIONS
A simplified lattice Boltzmann method for non-Newtonian
power-law fluid flows is proposed in this paper. This method
extracts the idea of its Newtonian counterpart, and reconstructs
solutions to the macroscopic equations recovered from the
lattice Boltzmann equation through the Chapman-Enskog
expansion analysis. The reconstruction process follows a
predictor-corrector manner and utilizes isentropic properties
and relationships given in the Chapman-Enskog expansion
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analysis. To model the non-Newtonian behaviors in which the
physical viscosity varies in the space, a truncated power-law
model is incorporated to locally adjust the relaxation parameter
in the method. Compared with other non-Newtonian lattice
Boltzmann models, the present one tracks the evolution of
macroscopic variables instead of distribution functions, which
reduces the cost of virtual memory and facilitates
implementation of physical boundary conditions.
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The accuracy and robustness of the proposed method is
validated by two examples of the plain Poiseuille flow and twodimensional lid-driven cavity flow with power-law fluids.
Further tests on three-dimensional lid-driven cavity flow of
shear-thinning and shear-thickening fluids are then carried out,
which validates the convergence of the method and provides
benchmark solutions for future reference”.
BOUNDARY LAYER FLOW NON-NEWTONIAN FLUIDS
The investigation of boundary layer flow along surfaces
embedded in fluid saturated porous media has received
considerable interest recently, especially in the enhanced
recovery of petroleum resources, packed bed reactors and
geothermal industries. Considerable attention has been directed
toward understanding the transport properties of porous media
subjected to heat transfer [l]-[3]. Non- Newtonian fluids
generally do not follow the linear relation between shear stress
and shear strain rate. These fluids may be classified as inelastic
and viscoelastic. In addition, the Ostwald-de Waele power-law
model represents several inelastic time-independent nonNewtonian fluids of practical interest (Barnes et al. [4]). These
fluids can be divided into four groups: pseudo-plastic, dilatant,
ideal Bingham plastic and plastic. A dilatant, or shear-thickening,
fluid increases resistance with increasing applied stress.
Alternately, a pseudo-plastic, or shearthinning, fluid decreases
resistance with increasing stress [5].
INTRODUCTION

Merkin [6] studied a similarity transformation which can deal
with isothermal two-dimensional and axisymmetric bodies of
arbitrary shape. Nakayama and Koyama [7] have extended
Merkin's method and provided similarity solutions for the
natural convection in non-Newtonian power-law fluids over
bodies of arbitrary geometry placed in a porous medium. Mehta
and Rao [8] have studied the steady buoyancy-induced flow of a
non-Newtonian fluid in a porous medium bounded by a vertical
flat plate, using Karman-Pohlhausen integral method and
numerically by similarity method.
The primary purpose of the present study is to predict the
characteristics of flow fields past a wedge using the model of the
flow of non-Newtonian power law fluids in a porous medium
given by Hady and Ibrahim [9]. The transformed boundary layer
equations are solved using the fourth-order Runge-Kutta
integration scheme with the Newton-Raphson shooting method.
The effects of power-law non-Newtonian fluid parameter and the
presence of an isotropic solid matrix on the velocity field are
investigated.
Formulation of problems
Let us consider the two-dimensional steady flow in a porous
medium saturated with power-law non-Newtonian fluids past an
impermeable wedge having a small wedge angle. The physical
model and geometrical coordinates are shown in Fig. 1. The %axis is measured along the body surface from its leading edge,
and v-axis normal to it. The effects of viscous dissipation will be
assumed to be negligible”.

Fig. 4.1 The physical model and coordinate system
Thus, the equations governing the conservation of mass,
momentum and energy can be written as [9]:
𝜕𝑢 𝜕𝑣

+

𝜕𝑥 𝜕𝑦

=0

(4.1)

u → U,

v → 0 , T → Tn

as y → α

(4.5)

Where U is the free stream velocity in this study we introduced
the following transformations:
1

y

1

Η = yg (x)= Rex −n+1 ,Ѱ = U(x)xRex −n+1 f(η), U(x)= Cx m
x

U

𝜕𝑇
𝜕𝑥

+ 𝑣

𝜕𝑇
𝜕𝑦

=−

1 𝜕𝑝
𝑝 𝜕𝑥

−

𝜇𝜀
𝑝𝐾

𝑢𝑛 −

𝐹𝜀2
√𝐾

𝑢2 +

1 𝜕
𝑝 𝜕𝑦

𝜕𝑢 𝑛

[𝜇 | | ](4.2)
𝜕𝑦

Rex = (m + 1)

pxn U(x)2−n
μ
1

V = -U(x)Rex −n−1
U

𝜕𝑇
𝜕𝑥

+ 𝑣

𝜕𝑇
𝜕𝑦

= 𝛼

𝜕2 𝑇
𝜕𝑦 2

(4.3)

“where u and v are the velocity components along the x and y
directions, T is the fluid temperature, p is the density, n is the
power-law index of non-Newtonian fluid, a is the thermal
diffusivity of the medium, s is the medium porosity, // is the
coefficient of viscosity, K is the permeability and F is an empirical
constant in the second-order resistance.

The above governing equations need to be solved subject to the
following boundary conditions on velocity and temperature
fields”:

1
n+1

,θ=

T−Tα
Tn −Tα

. u = U(x)f ′

{[m(2n-1)+1]f+[m(2-n)-1]ηf ′ } (4.6)

where a prime represents differentiation with respect to rj, Re \.
is the Reynolds number, and the exponent m be termed the
Falkner-Skan power-law parameter, and is related to the wedge
angle finby [5]
β=

2m

(4.7)

1+m

The continuity eqn (1) is automatically satisfied by a stream
function %/ such that
U=

∂Ѱ
∂y

, v=-

∂Ѱ
∂x

(4.8)

With the aid of the above transformations, the boundary layer
eqn (2) can be written as
u=0,

v=0,

T = Tn

on y = 0
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(4.4)
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Therefore, the local skin friction coefficient can be written as
follows:

m(2n−1)+1

n|f m |n−1 f m + (m+1)(n−1) ff n
=

b
m+1

+

1
m+1

(B − m)f −2 −

A
m+1

[1 − (f n )n ] - = 0

(4.9)

2

Where
A=

με
pK

m+1 xn+1 ε

xUn−2 =

Rex

K

,B=

Fε2
√K

x

(4.10)

If m is assumed to be zero, the above governing eqn (9) is
identical to the one repoted by Hady and Ibrahim [9], which
represents the incompressible powerlaw non-Newtonian
boundary layer flow over a flat plate.
In addition, we obtain the following ordinary differential
equation governing the thermal field for the case of a constant
wall temperature:
θn +

m(2n−1)+1

Pr fθ′ = 0

n+1

(4.11)

The boundary conditions (4) and (5) can be rewritten as
f = f′ = 0 , θ − 1
f′ → 1 , θ → 0

on η – 0

(4.12)

as η → x

(4.13)

The shear stress at the body surface is given by
∂u n

τn − μ | |

∂y y=0

1

n

= μUn x −n Rex −n−1 |f n (0)|n

1

n

Cf Rex −n+1 = (m + 1)|f ῞ (0)|

(4.15)

In addition, the local heat transfer coefficient and Nusselt
number can be written by Fourier's law as

h1 〈x〉 =
Nu Rex

qu (x)
Tu −T,
1

−n,1

1

= −kθ′ (0) Rex

= −θ′ (0)

x

−

1
n,1

(4.16)
(4.17)

RESULTS AND DISCUSSION
The nonlinear ordinary differential eqns (9) and (11), satisfying
the boundary conditions (12)-(13) have been solved numerically,
using the fourth-order Runge-Kutta method for several values of
parameters m. n, A and B.
In the present study the boundary condition for η → 𝑥is replaced
by where 𝜂𝑚𝑎𝑥 is a sufficiently large value of η where the velocity
profile u can be approached to the relevant free stream velocity.
We choose 𝜂𝑚𝑎𝑥− 8and a step size ∆𝜂 −0.001, and four decimal
accuracy as the criterion for convergence”.

(4.14)

Figure 4.2: Velocity distribution over a flat plate for various non-Newtonian fluid index parameter n with #=0.1: (a) ,4=0.1. (b)
A=0.5.
In order to assess the accuracy of the present computer
simulation model, the results are compared with accepted data
sets for Newtonian fluids over a wedge and the boundary layer
flow of power-law non-Newtonian fluids over a flat plate
corresponding to the case computed by Hady and Ibrahim [9],
and showed a good agreement.
In Figures 2-5 we have shown some graphs of the flow and
temperature fields of power-law non-Newtonian fluids as a
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function of 77. Slight variation of velocity distribution in the
vicinity of a flat plate for the different fluid index parameter n
and £=0.1 is observed in Fig. 2. The results show that for A=OA
the thickness of velocity boundary layer of the pseudo- plastic
fluid is higher than that of the Newtonian or dilatant fluids.
However, as shown in Fig. 2(b), the velocity distribution is lower
in the case of the pseudo-plastic fluid when compared with the
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Newtonian fluid while the first-order resistance parameter is

held constant with 0.5.

Figure 4.3: Effects of wedge angles on the velocity distribution for various non- Newtonian fluid index parameter n with, 4=0.1
and 5=0.1.

Figure 4.4: Temperature profiles over a flat plate for Newtonian fluid against spanwise coordinate 77 for different values of
Prandtl number Pr.
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Figure 4.5: Temperature profiles against span wise coordinate 77 for different values of non-Newtonian fluid index n and
wedge angles; (a) flat plate, (b) wedge (m=0.5).

Figure 4.6 depicts the effects of wedge angles on the velocity distribution in the boundary layer for various values of fluid index
n with constant resistance parameters A =0.1 and #=0.1. \i is seen that for accelerating flows (m, /? >0),

Figure 4.7: Variation of the surface skin friction factor with resistance parameters A and B for different values of the power-law
index of non-Newtonian fluid n.
The peak values of velocity are larger than for a flat plate at zero
incidence, and then decays to the relevant free stream velocity.
Typical variations of the temperature profiles over a flat plate for
Newtonian fluid (n=\.Q) along the span wise coordinate are
shown in Fig. 4 for different values of Prandtl number Pr. The
numerical results show that an increase of Prandtl number
results in a decreasing thermal boundary layer thickness and
more uniform temperature distribution across the boundary
layer. The reason is that smaller values of Pr are equivalent to
increasing thermal conductivities, and therefore heat is able to
diffuse away from the heated surface more rapidly than for
higher values of Pr. Hence the boundary layer is thicker and the
rate of heat transfer is reduced, for gradients have been reduced.

Journal of critical reviews

Figure 5 displays the effects of wedge angles on the
dimensionless temperature profiles for the different power-law
index of non-Newtonian fluid with Pr=\, A=Q.\ and 0=0.1. These
trends show that for the case of a flat plate the thickness of the
thermal boundary layer is increased as the non-Newtonian fluid
index parameter n increases (see Fig. 5(a)). As shown in Fig. 5(b),
furthermore, the temperature profile in the vicinity of a wedge
(/w=0.5) changes slightly for different values of the power-law
index of non-Newtonian fluid.
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Figure 4.8: Variation of the surface heat transfer rate with resistance parameters A and B for different values of the power-law
index of non-Newtonian fluid n.
For illustrative purposes, the friction coefficient grouping
(m+1)|f n (1)|n is presented in Fig. 6, where the abscissa variables
are set to the first-order resistance parameter A and the secondorder resistance parameter B, respectively, to see its effect on
local skin friction coefficient for the different fluid index
parameter n. As depicted in Fig. 6(a), the local skin friction
coefficient is lower in the case of the dilatants fluid (n=\2) when
compared with the pseudo-plastic or Newtonian fluids for the
case of fixed parameters m=Q.3 and £=0.1. The results also show
that for the case of a dilatants fluid, an increase in A leads to a
drop in the values of skin friction factor first to a minimum at
about ,4=0.3, and then increases. As shown in Fig. 6(b), the local
skin friction factors of non-Newtonian fluids having different
power-law index decrease initially to a minimum and then
increases as the second-order resistance parameter B increases.
Figure 7 shows the variations of wedge surface heat transfer rate,
NuRe𝜏 1⁄(𝑛−1) , for various resistance parameters with Pr=\. The
results show that an increase in the first-order resistance
parameter A leads to decrease the Nusselt number. Especially,
the surface heat transfer rate is lower in the case of the dilatant
fluid when compared with the Newtonian or pseudo-plastic
fluids while the second-order resistance parameter is held
constant (0=0.1). As shown in Fig. 7(b), the variation of surface
heat transfer rate for Newtonian fluid asymptotically decreases
as the second-order resistance parameter B increases. However,
the heat transfer rate for the pseudo-plastic and dilatants fluids
decreases initially to a minimum at about 5=0.15 and then
increases”.
CONCLUSIONS
This study gives a simple mathematical model for solving the
problem of flow of non-Newtonian power-law fluids over a
wedge embedded in the porous medium. Numerical results are
presented to illustrate the details of the velocity and temperature
fields and their dependence on the material properties of the
fluid. The results for the flat plate case studied by Hady and
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Ibrahim [9] correspond to the special case m=Q of the present
study.It has been observed that for the constant wedge angle and
fixed resistance parameters A and B, although limited
considerations, the local skin friction coefficient and surface heat
transfer rate are lower for a dilatant fluid, as compared with the
pseudo-plastic or Newtonian fluids. For better understanding of
the present work, it may be necessary to perform the
experimental works
CONCLUSIONS
In this presented the solution of four non-Newtonian fluid
mechanics problems using Mathematical. The velocity profile is
obtained for the horizontal flow of power-law fluids in pipes and
annuli and for the vertical laminar flow of a Bingham fluid. These
problems have split boundary conditions and we applied the
shooting techniques to solve them. Analytical expressions of
volumetric flow rates for pipe flow of the Bingham and powerlaw fluids were derived using Mathematical. The parameters of
the constitutive equation of non-Newtonian fluids were obtained
from representative data of flow rates measured under different
applied pressure gradients in a horizontal pipe. These problems
are simple enough to constitute an excellent introduction to the
field of non-Newtonian fluid mechanics. Students at the National
Institute of Applied Sciences in Tunis perform well despite no
previous knowledge of Mathematical”.
APPENDIX
Detailed derivation of the formulations of S.L.B.M
The formulations of “SLBM in the predictor step are Eqs. (22)
and (23). Performing Taylor series expansion on the equilibrium
distribution functions with respect to the space/time level of (r,
t) gives
𝛿2

𝑒𝑞
𝑒𝑞
𝑒𝑞
𝑒𝑞
𝑓𝛼 (𝑟 − 𝑒𝛼 𝛿𝑡 , 𝑡 − 𝛿𝑡 ) = 𝑓𝛼 (r, t) - 𝛿𝑡 𝐷𝑓𝛼 (r, t) + 𝑡 𝐷2 𝑓𝛼 (r, t) + o
2
(𝛿𝑡3 )
(5.1)
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𝜕

Where D=[ + 𝑒𝛼 . 𝑉] . Substituting the above equation into Eqs.
𝜕𝑡
(22) and (23), and utilizing the relationship in Eq. (13) yield
𝑒𝑞

𝑒𝑞

𝑝∗ = ∑𝛼 𝑓𝛼 (r, t) - 𝛿𝑡 ∑𝛼 𝐷𝑓𝛼 (r, t)+
=p(r,

𝛿𝑡2
2

𝑒𝑞

∇. ∑𝛼 𝑒𝛼 𝑓𝛼 (𝑟, 𝑡)] −𝛿𝑡 ∑𝛼 𝐷

𝜕

𝑒𝑞
−𝛿𝑡 [ ∑𝛼 𝑓𝛼 (𝑟, 𝑡) +
𝜕𝑡

1 𝑛𝑒𝑞
𝑓 (r,
2𝜏 𝛼

t)+ 𝑜(𝛿𝑡2 )

(5.2)

=p(r,

𝛿𝑡2

t)+

2

𝜕𝑡

𝑒𝑞

(5.3)

1
2𝜏

(r,

t)+

𝑜(𝛿𝑡3 )

η0 : Zero-shear viscosity ( kg/m.s2 )
(5.4)

η∞ : Infinite-shear viscosity ( kg/m.s2 )

And we can thus derive
1

∑𝛼 𝐷 𝑓𝛼𝑛𝑒𝑞
2𝜏

=

𝜕

ρ : density ( kg/m3 )

1

∑𝛼 [ 𝑓𝛼𝑛𝑒𝑞 ] +
𝜕𝑡 2𝜏

𝜕

1

𝑛𝑒𝑞
= [ ∑𝛼 𝑓𝛼 ] +
𝜕𝑡 2𝜏

1

∑𝛼 𝑒𝛼 .∇ [ 𝑓𝛼𝑛𝑒𝑞 ]
2𝜏

τ0 : yield stress ( kg/m.s )
τrz : Shear stress ( kg/m.s )

1

𝑛𝑒𝑞
∇. [ ∑𝛼 𝑒𝛼 𝑓𝛼 ]
2𝜏

=0
1

𝜕 1
𝑛𝑒𝑞
[ 𝑒 𝑓 ]+∑𝛼 𝑒𝛼
𝜕𝑡 2𝜏 𝛼 𝛼

∑𝛼 𝑒𝛼 D 𝑓𝛼𝑛𝑒𝑞 (𝑟, 𝑡) = ∑𝛼
2𝜏

=

𝜕

1

𝑛𝑒𝑞

[𝑒𝛼 . ∇ [ 𝑓𝛼
2𝜏

1

1

𝜕𝑡 2𝜏

2𝜏

]]

𝑛𝑒𝑞
𝑛𝑒𝑞
[ ∑𝛼 𝑒𝛼 𝑓𝛼 ]+ ∇. ∑𝛼(𝑒𝛼 )𝛽 (𝑒𝛼 )𝛾 [ 𝑓𝛼 ]
1

=

𝑛𝑒𝑞

∇. ∑𝛼(𝑒𝛼 )𝛽 (𝑒𝛼 )𝛾 [ 𝑓𝛼
2𝜏

(5.5)

]

Therefore, Eqs. ( -35) and ( -36) can be reduced to
𝑝∗ = p(r, t) - 𝛿𝑡 [

𝜕𝑝
𝜕𝑡

𝑒𝑞
+ ∇. ∑𝛼 𝑒𝛼 𝑓𝛼 (𝑟, 𝑡) + 𝑜(𝛿𝑡2 )](5.6)

𝑝∗ 𝑢∗ = p(r, t)u(r, t)

-

1

(5.7)

𝑛𝑒𝑞
𝑓 (𝑟, 𝑡)]
2𝜏 𝛼

+

o(𝛿𝑡2 )]

𝛿𝑡 [

𝜕𝑝𝑢
𝜕𝑡

𝑒𝑞

+ ∇. ∑𝛼(𝑒𝛼 )𝛽 (𝑒𝛼 )𝛾 [𝑓𝛼 (𝑟, 𝑡) +

Which means that Eqs. (22) And (23) recover Eqs. (18) And (19)
with second order accuracy.
Similarly, the evolution equation of SLBM in the corrector step
(i.e., Eq. (26)) can be expanded as
𝑝𝑛+1 𝑢𝑛+1 −𝑝∗ 𝑢∗
𝛿𝑡

=

1
𝛿𝑡

∑𝛼 𝑒𝛼 [𝑓𝛼~ (𝑟 + 0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 ) − 𝑓𝛼~ (𝑟 −

0.5𝑒𝛼 𝛿𝑡 , 𝑡 − 0.5𝛿𝑡 )]
1

∑𝛼 𝑒𝛼 [∇. 𝑒𝛼 𝛿𝑡 𝑓𝛼~ (𝑟, 𝑡 − 0.5𝛿𝑡 ) + 𝑜(𝛿𝑡3 )]

=
(5.8)

λ : relaxation parameter ( s )
η : viscosity ( kg/m.s2 )

∑𝛼 𝑓𝛼𝑛𝑒𝑞 = ∑𝛼 𝑒𝛼 𝑓𝛼𝑛𝑒𝑞 = 0

𝛿𝑡

κ: power-law consistency index (N.sn /m2 )
δ : film thickness (m)

𝑛𝑒𝑞

𝑓𝛼

Note that the compatibility condition gives

=

vz : velocity ( m/s )
z : axial position (m)

𝜕

∇. ∑𝛼(𝑒𝛼 )𝛽 (𝑒𝛼 )𝛾 𝑓𝛼 (𝑟, 𝑡)]
−𝛿𝑡 ∑𝛼 𝑒𝛼 𝐷

R : pipe radius (m)

r : radial position (m)
∑𝛼 𝑒𝛼 𝐷2 𝑓𝛼𝑒𝑞 (r,

𝑒𝑞
(𝑟, 𝑡) − 𝛿𝑡 [ ∑𝛼 𝑒𝛼 𝑓𝛼 (𝑟, 𝑡) +

t)u

ΔP : pressure difference (Pa )

R1 , R 2 : annulus radiuses (m)

𝑒𝑞

𝑝∗ 𝑢∗ = ∑𝛼 𝑒𝛼 𝑓𝛼 (𝑟 − 𝑒𝛼 𝛿𝑡 , 𝑡 − 𝛿𝑡 )
𝑒𝑞
𝑒𝑞
= ∑𝛼 𝑒𝛼 𝑓𝛼 (𝑟, 𝑡) − 𝛿𝑡 ∑𝛼 𝑒𝛼 𝐷𝑓𝛼 (r,
t)+ 𝑜(𝛿𝑡3 )

L : pipe length (m)
n : power-law exponent

∑𝛼 𝐷2 𝑓𝛼𝑒𝑞 (r, t) + o (𝛿𝑡3 )

t)

Q: volumetric flow rate (m3 /s)

∇. ∑𝛼(𝑒𝛼 )𝛽 (𝑒𝛼 )𝛽 𝑓𝛼~ (𝑟, 𝑡 − 0.5𝛿𝑡 )

+o

(𝛿𝑡2 )

It is demonstrated that the Eq. (26) recovers the space derivative
term in the macroscopic Eq. (24) with second order accuracy.
And the approximated term is at the time level of (t-0.5δt), which
reflects the central difference scheme in time marching and thus
ensures second order accuracy both in time and in space”.
NOMENCLATURE
g : gravitational acceleration (m/s2 )
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