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Abstract
In this article, a comprehensive study concerning one- and two- proton halo nuclei is presented. The theoretical and
experimental nucleon density distributions (NDD), nucleon momentum distributions (NMD) and elastic electron
scattering from factors of 23Al, 26P, and 28S using Coherent Density Fluctuation Model (CDFM) and 2pF approach
are elaborated. In detail, a long-tail phenomenon was attained within the NDD and NMD investigations which
considered a distinguishable property of proton halo nuclei. In the form factors profiles, the mass center,
, is
applied in order to convert the attained form factors into an appropriate analytical representation. Additionally, the
nuclei under consideration were compared to their stable forms ( 27Al, 31P, and 32S) in term of NDD and form factors
profiles. The proposed study demonstrates a new approach for an accurate evaluation of the aforementioned nuclear
quantities.
1. Introduction
The structural investigations of a nuclei located at a certain distance from the stability line is of great importance
in the field of nuclear physics. Herein, quality measures have been reported to elaborate more on the addressed
matter; a perfect example of this is the discovery of halo phenomena in the exotic nuclei [1]. In detail, a halo nucleus
possesses a specific proton/neutron excess in which a particular number of nucleons are inadequately bounded to the
system [2, 3]. Accordingly, such a halo system is thoroughly elucidated through the few-body model by which a
core and its outside nucleons are taken into considerations. Due to the significance of several quantities in the halo
phenomena, such as nucleon density distributions (NDD), nucleon momentum distributions (NMD) and form
factors, a number of approaches have been proposed throughout the past few decades to explore the addressed
quantities of such phenomena in particular locations placed far from the stability line [4-8]. However, further
examinations on the existed models are needed combined with experimental investigations to faultlessly illustrate
the discussed structure.
The mean field model was used to evaluate the form factors, NDD and cross-section of 28S and 12O; whereby it was
evidently proven that the charge density of the last protons has a direct correlation to the form factors and crosssection values [4]. The longitudinal and transverse elastic electron scattering form factors of 8B nuclei were
investigated via the large space shell model; thereby the presence of proton halo resulted in significant change in the
form factors behavior [5]. The three-body as well as the realistic two-body models were employed to investigate
some nuclear quantities of 18Ne and 28S. Specifically, the three-body model was found to be proper to elaborate more
on proton-rich nuclei as comparted to the realistic two-body model [6]. Another research group reported the
calculation of NDD and form factors for some proton-rich nuclei (27P, 23Al, 17Ne, 17F, and 8B) using the wave
function of Wood-Saxon model. They concluded that the existence of the halo structure can be evidenced via the
observation of the long-tail behavior [7]. K. Santhosh and I. Sukumaran investigated the existing possibility of one
proton halo (8B, 12N, 13N, 17F) and two halo nuclei (9C, 17Ne, 18Ne, 20Mg) using Coulomb and proximity potential
model (CPPM). It was reported that there is higher probability of one proton halo emission nuclei as compared to
those of two proton halo nuclei [8].
In this attempt, this study reports a theoretical and experimental evaluations of NDD, NMD, and form factors for
exotic one proton halo nuclei (23Al, 26P) and two proton halo nuclei (28S). Particularly, the NDD was calculated
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using shell model, while the NMD was evaluated using CDFM. Furthermore, the long-tail performance was
observed when
within the NDD profile.
2. Theory
A nuclei NDD of single body operator can be expressed using the following relation [9]:
∑

(1)

In Equation (1), the term
represents the probability of the nucleon occupation
(
while the wave function radial part
of the single particle harmonic oscillator is represented by the term
. The NDDs of the selected nuclei (23Al,
26
P and 28S) located at the end of the shell are derived on the basis that there is a core, 22Mg, 25Si and 26Si in our case.
These cores are of filled
, whilst the nucleons occupation number in
shells are
equal to
and
, respectively. Therefore, the term
in Equation (1) can be further simplified as
demonstrated in Equation (2).
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where parameter
signifies the nucleon occupation number’s deviation with the assumption of simple shell model
, while the nuclear mass number and the harmonic oscillator size are represented by parameters and .
The NDD normalized condition is then expressed as follow [10]:
∫

(3)

The -shell nuclei NMD is evaluated on the basis of shell model employing the wave function of the single particle
harmonic oscillator with respect to the momentum representations [11]. The NMD can be obtained using Equation
(4).
(

⁄

)(

)

(4)

In the framework of CDFM [12, 13], the mixed density can be expressed as:
∫

(5)
(

The term
a radius of

)

(

)

is the mixed density, CDFM framework, for
as well as density given by the following equation:

(6)
nucleons which is uniformly distributed alongside

⁄

(7)

Hence, the Femi momentum is expressed as:
⁄

and

⁄

(8)

as a step function can be given as:
{

(9)

Equation (5) is related to general statement in the CDFM framework that the nuclear matter NDD fluctuates around
the averaged distribution; this particular instance maintains uniformity and spherical symmetry. Subsequently, In
Equation (5), the diagonal element provides the single-particle density as represented in Equation (10).
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as well as

, In Equation (10), can be represented using Equations (11) and (12), respectively.

⃗

(11)
(12)

In Equation (10), the wave function
satisfied ∫
.

is evaluated in term of NDD where the normalization conditions are

Hereinafter, the NMD can be expressed on the basis of Equation (10) as follow [14]:
∫
herein

(13)
is the system Fermi-momentum distribution with density of

; and can be given as:
(14)

Continuously, the term
* ∫

can be given in term of
⁄

as:

+

(15)

∫

with the normalized condition (

In the CDFM framework, the form factor

is also expressed [13]:

∫

(16)
*

+

(17)

Equation (17) must be multiplied by a correction of free nucleon finite-size form factor (same protons and neutrons)
and center of mass form factor [15]. This eliminates the false state appears from the indication of the mass center.
These form corrections can be expressed as follow:
(

)

(

)

(18)

It is worth mentioning that the physical quantities discussed earlier are in the CDFM framework and expressed on
the basis of weight function. Thus, it is worth trying to attain the weight function using theoretical considerations.
If Equation (2) inserted into the equation of weight function (12), an analytical expression cab be acquired as:
⁄

,*

+

-

(

)

(19)

3. Results and discussion
The CDFM approach is presented in this study in order to investigate the ground state charge density and the
associated root mean square (RMS) radii, NDD, NMD, and form factors. This is accomplished in connection with
2pF model. The aforementioned parameters are considered for one proton halo, 23Al (
, 26P
. In particular, the nucleus 23Al
is shaped
22
by coupling the core Mg
alongside one valence proton; and the nucleus 26P
is
formed by coupling the core 25Si
with one valence proton. While, the nucleus 28S
, which is two proton halo nucleus is formed by coupling the core 26Si
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with two valence protons [16]. Continuously, the configuration of 22Mg, 25Si, and 26Si are assumed
, and
, respectively.

The evaluated neutron and proton charge RMS radii as well as the per nucleon binding energy for 23Al, 26P, and 28S
are tabulated in Table 1 alongside with the corresponding experimental data; these parameters were obtained using
CDFM approach. As such, it can be noticed that the attained results are in an upright agreement with the
experimental data for all mentioned nuclei.
Nuclei

⁄

⁄

⁄

⁄

23

Al
2.704
2.85 [17]
2.821
2.657
P
2.836
3.13 [18]
2.885
2.82
28
S
2.907
3.14 [19]
2.944
3.011
Table 1: Calculated proton and neutron RMS radii along with experiment results.
26

0.117
0.049
0.037

Table 2: Calculated matter RMS radii and binding energy per nucleon along with experimental result.
⁄

Nuclei
23

Al
P
28
S
26

2.907
3.029
3.104

⁄

2.905 [17]
3.00 [18]
3.27 [19]

BE (MeV)

BEexp (MeV)

7.335
7.187
7.472

7.336 [16]
7.198 [16]
7.479 [16]

Simultaneously, Figure 1 (a, and b) illustrates the theoretical and experimental values of the NDD for the selected
nuclei alongside their cores using shell/2pF mathematical representations, respectively. Additionally, the theoretical
and experimental NDD profile in the stated figure is varied because of the wave functions dissimilarities in shell and
2pF models, respectively. This particular observation is mainly attributed to the one valence proton of 23Al and 26P
and two valence protons of 28S in the halo orbits [20]. Fascinatingly, the experimental curves, Figure 1, exhibited the
long-tail feature, which is a remarkable property of the proton halo nuclei; such a behavior is related to the presence
of the outer one/two proton in the outer orbit [3]. While, the steep slope behavior was noticed in the theoretical
curves. Concurrently, in accordance with Equation (2), it is obviously observed that the introduced nuclei depend
directly on the mass number whereby 28S nucleus possesses relatively larger mass number as compared to 26P and
28
S., inset into Figure 1(a).

Figure 1: (a) experimental and (b) theoretical results of the NDD for exotic one- and two- proton halo.
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Figure 2 presents a comparison of the calculated NDD outcomes of the exotic nuclei (23Al, 26P, and 28S) with their
stable forms (27Al, 31P, and 32S). It can be clearly observed that the NDD of both exotic and stable nuclei are divers.
Furthermore, the stable nuclei long-tail behavior in the experimental results (Figure 2 b, c, and d) was found to be
longer than those of the exotic nuclei. This can be mainly attributed to the weak proton halo bound of the exotic
nuclei (23Al, 26P, and 28S) as compared to their stable form (27Al, 31P, and 32S). This suggests that the halo
phenomenon is associated with the outer one/two protons; thereby such a phenomenon is not linked to the core
nucleons.

Figure 2: The theoretical and experimental nucleon density distribution of both stable and unstable nuclei: (a)
theoretical 23Al and 27Al, (b) experimental 23Al and 27Al, (c) theoretical 26P and 31P, (d) experimental 26P and 31P, (e)
theoretical 28S and 32S, and (f) experimental 28S and 32S.
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The NMD of the introduced nuclei alongside their cores are elucidated as a function of the momentum
in
Figure 3; whereby both theoretical and experimental results are demonstrated using shell model and CDFM,
respectively. Generally, the demonstrated results in Figure 3 showed similar behavior at high momentum region
. However, the theoretical values revealed higher values than those obtained experimentally.
Concurrently, at momentum regions where the value of
is less than 1, the curves obtained presented slight
differences. Additionally, the long-tail behavior was observed at high momentum regions for both theoretical and
experimental outcomes, including nuclei and their cores. This particular observation is in an upright agreement with
those of NDD results (Figure 1). The findings suggest that the fluctuation function,
, is relatively
insignificant through Equation (19).

Figure 3: Theoretical and experimental NDM of 23Al, 26P, and 28S and their cores (22Mg, 25Si, and 26Si).
Figure 4 shows the form factors, experimental, with corrections and without corrections, of the employed nuclei and
their cores. The ground state proton form factors, in Figure 4, are attained using Fourier-Bessel approach. In this
investigation, plane wave Born approximation (PWBA) is used to study the incident/scattered electrons within the
nuclei and their cores under consideration [20]. Consequently, a number of correction ought to be utilized in order to
convert the attained form factors into an appropriate analytical representation; by which a comparison with the
acquired experimental data can be elaborated. Hence, the mass center,
, is employed. This particular
approach omits any false states occurred within the shell model mass center motion, announced in Equation (18)
[15]. As shown in Figure 4, the obtained curves, including the three forms, are in a well-agreement, in which the
demonstrated form factor agrees well with the experimental data. Moreover, Figure 5 illustrates a comparison
concerning the corrected form factors of the exotic nuclei and their stable forms. The major alteration between the
exotic nuclei and their stable forms could be attributed to the influence of the last proton density distribution as well
as the differences obtained in the mass number and parameter b (1.802, 1.830, and 1.848 for 23Al, 26P, and 28S,
respectively). The b parameters for the cores 22Mg, 25Si, 26Si are 1.792, 1.821, and 1.830, respectively.
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(e) 28S, and (f) 26Si.
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Al, (b) 22Mg, (c) 26P, (d) 25Si,

5043

JOURNAL OF CRITICAL REVIEWS
ISSN- 2394-5125

VOL 7, ISSUE 15, 2020

Figure 5: Comparison of unstable and stable nuclei: (a) 23Al and 27Al, (b) 26P and 31P, and (c) 28S and 32S.
Conclusion
The theoretical and experimental NDD, NMD and from factors concerning 23Al, 26P, and 28S using Coherent CDFM
and 2pF approaches were successfully particularized. The calculated RMS radii of the considered nuclei were
compared to the experimental data published in previous reports. The long-tail feature of the proton halo nuclei
within the NDD and NMD profiles was elucidated. Furthermore, the form factors attained results were corrected
using
method. Finally, a diverse behavior within the comparison between the exotic and stable utilized
nuclei was observed for the NDD and NMD outcomes.
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