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Abstract 

The aim of this article is to investigate few conditions for hesitant fuzzy disconnectedness via hesitant fuzzy maximal 

and minimal open sets; we show that if a hesitant fuzzy space having a hesitant fuzzy set which is hesitant fuzzy 

minimal and maximal then either this fuzzy set is the only nontrivial hesitant fuzzy open set in the hesitant fuzzy space 

or the hesitant fuzzy space is hesitant fuzzy disconnected. 
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1. Introduction 

Zadeh[8] established fuzzy set in 1965 and Chang[1] introduced fuzzy topology in 1968. As an addendum to fuzzy sets, 

the notion hesitant fuzzy set introduced by Torra[7] in 2010. In 2019 Deepak et.al.[2] introduced hesitant fuzzy 

topological space and extended the study to hesitant connectedness and compactness in hesitant fuzzy topological space. 

After the study and effect of these notions, we develop in this article some properties and connection of hesitant fuzzy 

minimal and maximal open and closed sets. 

 

2. Preliminaries 

Definition 2.1.[6]A proper nonzero hesitant fuzzy open set ξ of X is called a  

(i) hesitant fuzzy minimal open set if ξ and h0are only hesitant fuzzy open sets contained in ξ .(ii) hesitant fuzzy maximal 

open set if h1and ξ are only hesitant fuzzy open sets containing ξ 

Theorem 2.1.[6] If ξ is a hesitant fuzzy maximal open set and υ be a hesitant fuzzy open subset, then either ξ ∨υ = h1or 

υ < ξ. 

Theorem2.2.[6] If ξ is a hesitant fuzzy minimal open set and υ be a hesitant fuzzy open subset, then either ξ ∧υ = h0 or ξ 

< υ. 

Definition2.2.[6] A proper nonzero hesitant fuzzy closed set η of X is called a 

(i) hesitant fuzzy maximal closed set if any hesitant fuzzy closed set which contains η is h1or η . 

(ii) hesitant fuzzy minimal closed set if any hesitant fuzzy closed set which is contained in η is h0or η. 

Theorem 2.3.[6] If η is a hesitant fuzzy maximal closed set and ω is a hesitant fuzzy closed set, then either η ∨ω = h1 or 

ω < η. 

Theorem 2.4.[6]If η is a hesitant fuzzy minimal closed set and ω is any hesitant fuzzy closed set, then either η ∧ω = h0 

or η < ω. 

Definition 2.3.[4]A hesitant fuzzy set h in X is a function h:X→P[0,1], where P[0,1] represents the power set of [0,1]. 

We define the hesitant fuzzy empty set h0 (resp. whole set h1) is a hesitant fuzzy set in X as follows: h0(x) = φ (resp.h1(x) 

= [0,1]), ∀x ∈ X. HS(X) stands for collection of hesitant fuzzy set in X. 

Definition 2.4.[3]Two hesitant fuzzy set h1, h2 ∈ HS(X) such that h1(x) ⊂ h2(x),∀x ∈ X, then h1 is contained in h2. 

Definition 2.5.[3] Two hesitant fuzzy set h1 and h2 of X are said to be equal if h1⊂ h2 and  

h2 ⊂ h1. 

Definition 2.6.[4] Let h ∈ HS(X) for any non empty set X. Then hc is the complement of h which is hesitant fuzzy set in 

X such that h c (x) = [h(x)]c= [0,1]\h(x). 

Definition 2.7.[5] Let  (X, τ) be a hesitant fuzzy topological spaces. Let xλ∈ Hp (X) and  

N ∈ HS(η). Then the hesitant fuzzy neighbourhood N of xλ is defined as iff or an hestitant fuzzy set U ∈ τ such that xλ∈ 

U ⊂ N. 

Definition 2.8.[5] Let X be a nonempty set. A HFT  τ of subsets X is said to be HFT on X if 

(i) h0, h1 ∈ τ. 

(ii) ⋃i∈J hi ∈ τ for each (hi)i∈J ⊂τ. 

(iii) h1 ∩ h2  ∈ τ for any h1, h2 ∈ τ. 

“The pair (X, τ) is called hesitant fuzzy topological spaces. The members of τ are called hesitant fuzzy open sets in X. A 

hesitant fuzzy set h in X is hesitant fuzzy closed set in  

(X, τ) if  h c ∈ τ.” 
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Definition 2.9. [2]A hesitant fuzzy topological spaces X is said to be hesitant fuzzy disconnected if it has no proper 

hesitant fuzzy clopen set. A hesitant fuzzy set of X which is not hesitant fuzzy connected is called as hesitant fuzzy 

disconnected. 

 

3. Hesitant Fuzzy Maximal and Minimal Open Sets 

Theorem 3.1. If ξ is a hesitant fuzzy maximal open set and υ is a hesitant fuzzy minimal open set in X, then either υ < ξ 

or the space is hesitant fuzzy disconnected. 

Proof. Since the maximality condition of ξ by theorem 2.1, it could be either ξ ∨ υ = h1 or υ < ξ. Since the minimality 

condition of υ by theorem 2.2, we can have either ξ ∧υ =h0 or  

υ < ξ. When ξ ∨ υ =h1, υ < ξ gives ξ=h1; when ξ ∧ υ =h0, υ < ξ gives  

υ = h0. Therefore the probable occurrences are ξ ∨ υ = h1, ξ ∧ υ = h0 and υ < ξ.  

If ξ ∨υ = h1, ξ ∧ υ = h0, then the space is hesitant fuzzy disconnected. 

Remark 3.2. ξ ∨ υ=h1, ξ ∧ υ=h0, imply ξ=h1−υ. In Theorem 3.1, if υ ≮ ξ, then ξ and υ are hesitant fuzzy closed. Now 

theorem 3.1could be rewritten in this way: if ξ is a hesitant fuzzy maximal open set and υ is a hesitant fuzzy minimal 

open set of a hesitant fuzzy topological spaces X, then either υ < ξ or ξ= h1−υ. 

Theorem 3.3. If η is a hesitant fuzzy topological spaces in X which is both hesitant fuzzy maximal open and hesitant 

fuzzy minimal open, then either this hesitant fuzzy set is the only nontrivial hesitant fuzzy open set in the hesitant fuzzy 

space or the hesitant fuzzy space is hesitant fuzzy disconnected. 

Proof. Let ξ be both hesitant fuzzy maximal open and hesitant fuzzy minimal open, and υ be any hesitant fuzzy open 

set. Then we get ξ < ξ ∨ F. By the maximality condition of ξ, it could be succeeding two cases: 

Case I: As ξ = ξ ∨ υ, then υ < ξ. Since ξ is hesitant fuzzy minimal openset, we have υ = h 0 or υ = ξ. 

Case II: Assume ξ ∨ υ = h1. Considering ξ as a hesitant fuzzy minimal openset, weget by Theorem 2.2, ξ ∧ υ = h0 or ξ < 

υ. Since ξ is hesitant fuzzy maximal open , ξ  <  υ implies  

ξ = υ or υ = h1 . 

Considering all the cases, we get ξ = υ or ξ ∨ υ=h1 and ξ ∧ υ=h0. If ξ ∨ υ=h1 and ξ ∧ υ = h0, then the space is hesitant 

fuzzy disconnected. 

Remark 3.4.The following facts to be taken care of dealing hesitant fuzzy minimal open and hesitant fuzzy maximal 

open in a hesitant fuzzy topological spaces: 

(i) If there is only one proper hesitant fuzzy open set in X, then this hesitant fuzzy set act as a hesitant fuzzy maximal 

open and hesitant fuzzy minimal open. 

(ii) If there are only two proper disjoint hesitant fuzzy open sets in X, then both act as hesitant fuzzy maximal open 

and hesitant fuzzy minimal open. 

(iii) If ξ and υ are only two proper hesitant fuzzy open sets in X such that ξ < υ, then ξ is a hesitant fuzzy minimal 

open set and υ is a hesitant fuzzy maximal open set in the hesitant fuzzy space. 

But there could not exist a hesitant fuzzy set which is both hesitant fuzzy maximal open and hesitant fuzzy minimal 

open in a hesitant fuzzy disconnected space (see Example 3.7).The above is true for choice of taking hesitant fuzzy 

minimal closed and hesitant fuzzy maximal closed in X . 

Corollary 3.5. If η is a hesitant fuzzy closed set and ξ is both hesitant fuzzy maximal open and hesitant fuzzy minimal 

open in X, then either ξ = h1−η or ξ = η. 

Proof. Given η is a hesitant fuzzy closed set and ξ is both hesitant fuzzy maximal open and hesitant fuzzy minimal 

open. So h1−η is a hesitant fuzzy open set. In such a way that proof of theorem 3.3, weget ξ = h1−η or ξ ∨ (h1−η) = h1 

and ξ ∧ (h1−η) = h0. Both  

ξ ∨ (h1−η) = h1and ξ ∧ (h1−η) = h0 imply ξ = η. 

Corollary 3.6. If ξ is both hesitant fuzzy maximal open and hesitant fuzzy minimal open in X, then either ξ is the only 

proper hesitant fuzzy open set or ξ and h1−ξ are the only proper hesitant fuzzy open sets in hesitant fuzzy space. 

Proof. Let υ be any proper hesitant fuzzy open set of the hesitant fuzzy space. In such a way that proof of Theorem 3.3, 

weget ξ = υ or ξ ∨ υ =h1 and ξ ∧ υ = h0.  

Both ξ ∨ υ = h1 and ξ ∧ υ = h0 imply υ = h1−ξ. 

Example3.7.Let X={a, b, c}and τ={h0, ξ1, ξ2, ξ3, ξ4, h1}where  

ξ1(a) = {0.2}, ξ2(b)={0.3}, ξ3(c)={0.4} 

ξ2(a) = [0,0.2), ξ2(b)=[0,0.3), ξ2(c)=[0,0.4) 

ξ3(a) = (0,0.2], ξ3(b)=(0,0.3], ξ3(c)=(0,0.4]and 

ξ4(a) = [0.2,1], ξ4(b)=[0.3,1], ξ4(c)=[0.4,1]. 

Hence (X, X) is hesitant fuzzy topological space. The space (X, τ) is hesitant fuzzy disconnected with a separation ξ2 and 

ξ4. But the space has no hesitant fuzzy open set which is both hesitant fuzzy maximal open and hesitant fuzzy minimal 

open. 

 

Theorem 3.8. If ω1 and ω2 are two different hesitant fuzzy maximal open sets in X with  

ω1 ∧ ω2 is a hesitant fuzzy closed set, then X is hesitant fuzzy disconnected. 

Proof. Since ω1 and ω2 are hesitant fuzzy maximal open, we have ω1 ∨ ω2= h1. We put ξ= ω1−ω1 ∧ ω2, υ = ω2 or ξ = ω1, υ 
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= ω2−ω1 ∧ ω2. We note that ξ, υ are disjoint hesitant fuzzy open sets with ξ ∨ υ = h1. Therefore X is hesitant fuzzy 

disconnected. 

Theorem 3.9. If κ is a hesitant fuzzy maximal open set, then either Cl(κ)=h1 or Cl(κ)=κ. 

Theorem 3.10. If there exists a hesitant fuzzy maximal open set which is not hesitant fuzzy dense in X , then the space 

is hesitant fuzzy disconnected. 

Proof. Consider a hesitant fuzzy maximal open set κ which is not hesitant fuzzy dense in X. As Theorem 3.9, κ =Cl(κ) 

could be written ξ = κ and υ = h1−Cl(κ). Therefore (ξ, υ)is a hesitant fuzzy separation for X . 

 

4. Hesitant Fuzzy Maximal and Fuzzy Minimal Closed Sets 

Theorem 4.1. If η is a hesitant fuzzy set in X which is both hesitant fuzzy minimal closed and hesitant fuzzy maximal 

closed set, then either of the succeeding is true: 

(i) η is the only proper hesitant fuzzy closed set in the hesitant fuzzy space. 

(ii) If ω is a proper hesitant fuzzy closed set, then η ∨ ω=h1 and η ∧ ω=h0. 

Corollary 4.2. If υ is a hesitant fuzzy open set and η is both hesitant fuzzy maximal closed and hesitant fuzzy minimal 

closed set in X, then either η = h1−υ or η = υ. 

Corollary 4.3. If η is both hesitant fuzzy maximal closed and hesitant fuzzy minimal closed in X, then either η is the 

only proper hesitant fuzzy closed set or η and h1−η are the only hesitant fuzzy closed sets in the hesitant fuzzy space. 

Theorem4.4.If υ is a hesitant fuzzy closed and ξ is both hesitant fuzzy maximal open and hesitant fuzzy minimal closed, 

then either of the succeeding is true: 

(i) υ < ξ < η. 

(ii) υ  < ξ and ξ ∧ η=h0. 

(iii) ξ ∨ η=h1 and ξ < η. 

(iv) ξ ∨ η=h1, ξ ∧ η = h0. 

Proof. If ξ as a hesitant fuzzy maximal open set by thorem 2.1,then υ  < ξ or ξ ∨ υ= h1. If ξ as a hesitant fuzzy minimal 

closed set by thorem 2.4, then ξ < η or ξ ∧ η=h0. Now υ < ξ and ξ < η imply υ < ξ < η. Remaining choices are υ < ξ, ξ ∧ 

υ = h0; ξ ∨ υ = h1, ξ < η and  

ξ ∨ υ = h1, ξ ∧ υ = h0. 

Corollary4.5. If ξ is both hesitant fuzzy maximal open and hesitant fuzzy minimal closed, then ξ and h1−ξ are only 

proper hesitant fuzzy clopen sets in the fuzzy space. 

Proof. Let η be hesitant fuzzy clopen in h1. Putting υ = η in Theorem 4.4, we get ξ = η or  

ξ = h1−η. 

Theorem4.6. If ξ is hesitant fuzzy maximal open as well as hesitant fuzzy maximal closed and η is hesitant fuzzy 

clopen, then either η < ξ or ξ ∨ η = h1. 

Proof. Analogous to Theorem  4.4. 

Theorem 4.7. If υ is a hesitant fuzzy open and ξ is both hesitant fuzzy minimal open and hesitant fuzzy maximal closed, 

η is hesitant fuzzy closed, then either of the following is true: 

(i) η  < ξ < υ. 

(ii) ξ < υ and ξ ∨ η=h1. 

(iii) ξ ∧ υ=h0 and η < ξ. 

(iv) Ξ ∨ η=h1, ξ ∧ η=h0 

Corollary 4.8. If ξ is both hesitant fuzzy minimal open and hesitant fuzzy maximal closed, then ξ and h1 – ξ are only 

proper hesitant fuzzy clopen sets in the space. 

Theorem4.9.Let δ, ξ be hesitant fuzzy open sets in X such that δ ∧ ξ≠ h0, δ. If ξ is a hesitant fuzzy minimal open set in 

(X, τ), then δ ∧ ξ is a hesitant fuzzy minimal open set  

in (δ, τδ) 

Proof. If δ ∧ ξ is not a hesitant fuzzy minimal open set in (δ, τδ), then a hesitant fuzzy open set κ ≠h0 in (δ, τδ) such that κ 

≨  δ ∧ ξ. Since ξ is a hesitant fuzzy minimal open set in X and δ ∧ ξ≠ h0, we could get by theorem 2.2,ξ < δ gives δ ∧ ξ = 

ξ. As δ being hesitant fuzzy open in X, κ is too. Hence we obtain a hesitant fuzzy set κ which is hesitant fuzzy open in X 

such that h0≠ κ ≨  ξ which contradicts that ξ is a hesitant fuzzy minimal open set in X . 
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